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Abstract. The observed scale dependence of the proba-
bility distributions of the differences of characteristic solar
wind variables is analyzed. Intermittency of the turbulent
fluctuations at small-scale spatial separations is accompa-
nied by strongly non-Gaussian distributions that turn into
a normal distribution for large-scale separation. Conven-
tional theoretical models are subject to insufficient physi-
cal justification since nonlocality in turbulence should be
based on long-range interactions, provided recently by the
bi-kappa distribution in the context of nonextensive thermo-
statistics. Observed WIND and ACE probability distribu-
tions are accurately reproduced for different time lags by the
one-parameter bi-kappa functional, a core-halo convolution,
where kappa measures the degree of nonlocality or nonex-
tensivity in the system. Gradual decoupling is obtained by
enhancing the spatial separation scale corresponding to in-
creasing kappa values, where a Gaussian is approached for
infinite kappa. Consequently, long-range interactions intro-
duced on the fundamental level of entropy generalization, are
able to provide physically the source of the observed scale
dependence of the turbulent fluctuations in the intermittent
interplanetary medium.
1 Introduction
The analysis of probability distribution functions (PDFs) is
of considerable interest to study intermittency and multi-
scale statistical properties in fully developed turbulence of
the solar wind plasma and interplanetary magnetic field
fluctuations. Classical statistical theory provides the phase
space distribution from ideal MHD invariants, introduced
by Matthaeus and Goldstein (1982) to characterize spectral
properties of incompressible solar wind fluctuations. The
existence of multifractal structures in the fluctuations of
the magnetic field strength and the plasma parameters as
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temperature, density and velocity of the interplanetary mag-
netofluid was confirmed (Burlaga, 1991, 1992), followed by
analyses of non-Gaussian PDFs, related intermittency and
the fractal scaling of the solar wind MHD fluctuations by
Marsch and Tu (1994, 1997). The fractal/multifractal na-
ture of certain solar wind and magnetospheric key param-
eters, however, remains a subject of recent investigations
(Hnat et al., 2003). Interplanetary observations were used
to establish the differences between fluid and MHD turbu-
lence (Carbone et al., 1995) and the Castaing distribution
(Castaing et al., 1990; Castaing and Dubrulle, 1995; Cas-
taing, 1996) was widely considered in favor of models of
the non-Gaussian cascade character of the intermittency in
turbulent flows (Consolini and De Michelis, 1998; Guowei
et al., 1998; Sorriso-Valvo et al., 1999; Schmitt and Marsan,
2001). In addition to other solar wind parameters as veloc-
ity and density, the non-Gaussian and intermittent properties
of the interplanetary magnetic field fluctuations have shown
to represent a new set of intermittency parameters control-
ling the energy input rate into the magnetosphere (Vo¨ro¨s et
al., 2002; Vo¨ro¨s and Jankovicˇova´, 2002). Multi-scale inter-
mittency and anisotropy effects appear to be decisive factors
in near-Earth magnetotail dynamics as well (Vo¨ro¨s, 2003,
2004). In particular, based on WIND, ACE and Voyager
observations Burlaga et al. (2002); Burlaga (2002) (see also
references therein) provide a comprehensive study of solar
wind multi-scale statistical properties of speed fluctuations
at 1 AU and 60 AU, respectively, verifying that the PDFs at
small scales have a shape that is characteristic for intermit-
tent turbulence with relatively large skewness and kurtosis
and approach a Gaussian for scales τ∼10 days or τ∼24 h,
respectively, evaluated by Sorriso-Valvo et al. (1999).
The observed leptokurtic distributions in the solar wind
turbulence are well represented by the empirical Castaing
model (Castaing et al., 1990), a convolution of Gaussians
as PDFs of small-scale differences δX(τ)=X(t+τ)−X(t),
where X(t) denotes any characteristic solar wind variable
at time t and τ is the time lag, characterizing the spatial
separation scale. The log-normal distribution of variances
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through the inertial scales ensures an excellent fit with the
observed PDFs. On the other hand the global leptokurtic
non-Gaussian shape of the increment PDFs requires theo-
retically a corresponding unique global distribution function.
This condition can be formulated on a general level by con-
sidering the basic feature of turbulent flows, i.e. multi-scale
coupling or nonlocality in physical or in Fourier space, where
nonlocality appears due to the presence of long-range forces.
In the simple case of turbulent cascades, the nonlinear term
in the Navier-Stokes equations re-distributes energy among
the Fourier modes. In general, however, the presence of the
long-range forces in turbulence imply direct nonlocal inter-
actions between large scales and small scales, since the re-
lation between them is not local in space and time but func-
tional. This indicates that small-scale fluctuations in each
time/space point depend on the large scale motions in the
whole time/space domain and vice versa (Tsinober, 2001).
Counting for long-range interactions is a particular feature
of nonextensive systems and available from pseudo-additive
entropy generalization.
The classical Boltzmann-Gibbs extensive thermo-statistics
constitutes a powerful tool when microscopic interactions
and memory are short ranged and the environment is an
Euclidean space-time, a continuous and differentiable man-
ifold. However, in the present situation we are deal-
ing with astrophysical systems, generally subject to spa-
tial or temporal long-range interactions evolving in a non-
Euclidean, for instance multi-fractal space-time that makes
their behavior nonextensive. A suitable generalization of
the Boltzmann-Gibbs-Shannon entropy for statistical equi-
librium was first proposed by Renyi (1955) and subsequently
by Tsallis (1988), preserving the usual properties of positiv-
ity, equiprobability and irreversibility, but suitably extending
the standard extensivity or additivity to nonextensivity. The
main theorems of the classical Maxwell-Boltzmann statistics
admit profound generalizations within nonextensive statistics
(sometimes referred to q-statistics where q characterizes the
degree of nonextensivity of the system) wherefore a variety
of subsequent analyses were devoted to clarify the mathe-
matical and physical consequences of pseudo-additivity, for
an early review see e.g. Tsallis (1995).
Space physicists recognized four decades ago from in situ
satellite observations frequently the existence of high-energy
tail velocity space distribution of electrons and ions in space
plasmas. The family of κ-distributions, a power-law in par-
ticle speed, was introduced on phenomenological grounds to
model these suprathermal structures, where κ assumes only
positive values. In continuation, significant progress was
provided by Treumann (1999a,b) who developed a kinetic
theory, demonstrating that power-law velocity space distribu-
tions are a particular thermodynamic equilibrium state where
the associated entropy resembles Tsallis’ nonextensive en-
tropy definition. One of the three free parameters of the the-
ory, the chemical potential of the κ-gas, is associated with a
κ-modified quantum density of the system and the classical
Boltzmann entropy is recovered for κ=∞. Relating the pa-
rameters q and κ by an elementary transformation Leubner
(2002) provided the missing link between nonextensive dis-
tributions and κ-functions favored in space plasma physics,
leading to the required theoretical justification for the use of
κ-distributions from fundamental physics. Since the param-
eter κ , a measure of the degree of nonextensivity of the sys-
tem, is not restricted to positive values in the nonextensive
context, the commonly observed core-halo twin character of
the interplanetary electron and ion velocity space distribu-
tions was verified theoretically upon generalization to a bi-
kappa distribution, subject to a less pronounced core along
with extended tails as compared to a Maxwellian (Leubner,
2004a,b).
Recently, the PDF of the Tsallis ensemble was linked to
the analysis of fully developed turbulence providing a rela-
tion between the nonextensive parameter q and the intermit-
tency exponent m that is a manifestation of multifractality of
the distribution of eddies (Arimitsu and Arimitsu, 2000a) as
well as of scaling of the velocity structure functions (Arim-
itsu and Arimitsu, 2001). Moreover, the context of general-
ized thermo-statistics provides analytical formulas for PDFs
of distance dependent velocity differences, where from the
cascade like structure of the turbulent dynamics also an inter-
pretation of the parameter κ=1/(q−1) is suggested (Beck,
2000). We relate in the following nonlocality in turbulent
flows to the presence of long-range forces in nonextensive
systems and demonstrate in the context of entropy general-
ization the consistency of the theoretical bi-kappa distribu-
tion (Leubner, 2004a) with observed, scale dependent PDFs
of characteristic variables in the intermittent, turbulent inter-
planetary medium, where κ appears as the only tuning pa-
rameter between the scales.
2 Theory
The nonextensive entropy generalization for the classical
thermo-statistics proposed by Tsallis (1988) takes the form
Sq = kB 1−
∑
p
q
i
q − 1 , (1)
where pi is the probability of the i-th microstate, kB is
Boltzmann’s constant and q is a parameter quantifying the
degree of nonextensivity of the system, commonly referred
to as the entropic index. A crucial property of this entropy is
the pseudo-additivity such that
Sq(A+ B) = Sq(A)+ Sq(B)+ (1− q)Sq(A)Sq(B) (2)
for given subsystems A and B in the sense of factoriz-
ability of the microstate probabilities. Hence, nonlocality or
long-range interactions are introduced by the multiplicative
term accounting for correlations between the subsystems.
In order to link the Tsallis q-statistics to the family of κ-
distributions applied in space and astrophysical plasma mod-
eling, we perform the transformation 1/(1−q)=κ to Eq. (1)
yielding the generalized entropy of the form (Leubner, 2002)
Sκ = κkB(
∑
p
1−1/κ
i − 1) , (3)
M. P. Leubner and Z. Vo¨ro¨s: A nonextensive entropy path to probability distributions 173
where κ=∞ corresponds to q=1 and represents the exten-
sive limit of statistical independency. Consequently the inter-
action term in Eq. (2) cancels and the classical Boltzmann-
Gibbs-Shannon entropy Sq=−kB∑pi lnpi is recovered.
Equation (2) applies to systems subject to long-range inter-
actions or memory and systems evolving in a non-Euclidean
and multifractal space-time. A further generalization of
Eq. (2) for complex systems, composed of an arbitrary num-
ber of mutually correlated systems, is provided by Milovanov
and Zelenyi (2000), where appropriate higher order terms in
the entropy appear. Once the entropy is known the corre-
sponding probability distributions are available.
In Maxwells derivation the velocity components of the dis-
tribution f (v) are uncorrelated where lnf can be expressed
as a sum of the logarithms of the one dimensional distribu-
tion functions. In nonextensive systems one needs to intro-
duce correlations between the components accounting for the
long-range interactions, which is conveniently done replac-
ing the logarithm functions by a power law. Upon trans-
forming the “q−exp” and “q−log” functions introduced
in nonextensive statistics (Silva et al., 1998) into the κ-
equivalents eκ(f )=[1+f/κ]κ and lnκ(f )=κ[f 1/κ−1] the
generalized nonextensive solution for the one-dimensional
distribution in κ notation reads
fh(v) = N√
pivt
1√
κ
0 [κ]
0 [κ − 1/2]
[
1+ 1
κ
v2
v2t
]−κ
. (4)
Hence, the exponential probability function of the
Maxwellian gas of an uncorrelated ensemble of particles is
replaced by the characteristics of a power law. We assign
to fh the notation “halo” distribution where the Maxwellian
normalization to the particle density N is modified by a
function of κ . vt=√2kBT/m is the thermal speed of a
Maxwellian, where T and m are the temperature and mass,
respectively, of the species considered. The case κ=∞ re-
covers the Maxwellian equilibrium distribution, see Fig. 1
and the discussion below.
We note that contrary to Eq. (4), derived from the nonex-
tensive entropy generalization Eq. (3), the functional form of
the κ-distributions conventionally used in plasma physics is
powered by −κ+1 instead of −κ (Leubner, 2002, 2004a).
Consequently, the nonextensive distribution (4) provides
more pronounced tails as compared to the conventional κ-
distribution for the same values of κ . Furthermore, in all
space plasma applications the spectral index κ was hith-
erto assumed to be restricted to positive values, requiring
in the derived one-dimensional nonextensive representation
3/2<κ≤∞ equivalent to −1<q≤1.
Since the nonextensive formalism is not restricted to
−1<q≤1 we generalize to values q>1 providing the full
range −∞≤κ≤∞ for the spectral index κ . Hence, upon in-
corporating the sign into the equation, the one-dimensional
distribution for negative definite κ can be written in the form
fc(v) = N√
pivt
1√
κ
0 [κ + 3/2]
0 [κ + 1]
[
1− 1
κ
v2
v2t
]κ
. (5)
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Fig. 1. A schematic plot of the characteristics of the nonextensive
bi-kappa distribution family Eq. (6): with κ=3 the outermost and
innermost curve correspond to the halo fh and core fc distribution
fraction. For increasing κ-values both sets of curves merge at the
same Maxwellian limit, indicated as bold line, fh from outside and
fc from inside.
We assign the notation “core” distribution to fc, a function
subject to a thermal cutoff at the maximum allowed veloc-
ity vmax=√κvt , which limits also the required integrations.
Since the sign is implemented into Eq. (5), κ has to be under-
stood as a positive quantity wherever it appears. The nonex-
tensive distribution-functionals (4) and (5) provide with the
proper normalization from the level of entropy generalization
Eq. (3) access to nonlocal effects due to the inclusion of long-
range forces where κ measures the degree of nonextensivity
or mixing within the system.
Calculating the second moments of the one-dimensional
distribution function (4) yields as consequence of the
suprathermal tail structure a κ dependent enhancement of the
generalized temperature and corresponds to an entropy in-
crease within the system (Leubner, 2004a). The second mo-
ment of the distribution function (5) provides the correspond-
ing reduced generalized thermal speeds caused by the cutoff
in velocity space, which results in an entropy decrease within
the system due to the evolution of a higher organized state as
κ decreases (Leubner, 2004a). Both functions, fh and fc in
Eqs. (4) and (5) approach the same Maxwellian as κ→∞.
Figure 1 demonstrates schematically the non-thermal behav-
ior of both, the suprathermal halo component fh and the re-
duced core distribution fc, subject to finite support in veloc-
ity space and exhibiting a thermal cutoff at vmax=√κvt .
It should be emphasized that, besides a brief comment by
Leubner (2002) the extension to negative κ-values, as for-
mulated in Eq. (5), was only recently recognized as being
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physically relevant (Leubner, 2004a,b), since research fo-
cused hitherto in particular on the suprathermal particle pop-
ulations, well represented by a halo distribution. Let us
point out that the thermal cutoff of the functional Eq. (5)
provides apparently a clear definition of a core population,
whereas a “core” of the function fh is not definable and
just in some arbitrary way related to the central part of a
Maxwellian. Besides a clear defined core-halo transition
any unique and physically relevant nonextensive PDF must
be subject to three further conditions. We require that (a)
the distribution approaches one and the same Maxwellian as
κ→∞, (b) a unique, global distribution must be definable
by one single density and temperature and (c) upon variation
of the coupling parameter κ particle conservation and adia-
batic evolution (Baumjohann and Paschmann, 1989) should
be considered, such that a redistribution in a box (a source
free environment) can be performed. Subject to these con-
straints the appropriate mathematical functional, represent-
ing observed core-halo structures in nonextensive astrophys-
ical environments, is available from the elementary combina-
tion fch=Bch(fh+fc). In this context the full velocity space
distribution, compatible with nonextensive entropy general-
ization and obeying the above constraints, reads
Fch(v; κ) = N
pi1/2vt
G(κ)
{[
1+ 1
κ
v2
v2t
]−κ
+
[
1− 1
κ
v2
v2t
]κ}
(6)
to which we assign the notation “bi-kappa distribution” and
where G(κ) is defined by
G(κ) =
[
κ1/20(κ − 1/2)
0(κ)
+ κ
1/20(κ + 1)
0(κ + 3/2)
]−1
(7)
from the normalization. The function G(κ) is subject
to a particular weak κ-dependence where G(κ)∼1/2, see
Leubner (2004a) for a graphical illustration and discussion.
Hence, the resulting factor 1/2 in the normalization con-
stant reflects the superposition of the two counter-organizing
contributions in Eq. (6). Upon re-distribution of particles
as consequence of long-range interactions, where κ act as
measure of nonlocality in the system, a fraction of core-
particles is removed and available to generate a pronounced
non-Maxwellian tail population counting for zero net particle
budget. Hence, the specific nonextensive velocity space dis-
tribution (6) provides a unique mathematical core-halo rep-
resentation subject to the non-trivial property of particle con-
servation in the sense that the normalization is independent
of the parameter κ (Leubner, 2004a,b). This specific fea-
ture allows also to transform the one-dimensional bi-kappa
velocity distribution of Maxwell’s particle context into the
mathematical form of a Gaussian of constant variance, a
PDF applicable to any characteristic physical variable suit-
able to analyze statistical properties of astrophysical systems,
see below. Contrary to the conventional κ-distribution mod-
els constraint by a positive κ-value, the functional form (6)
permits in a closed system a re-distribution of energy from
a Maxwellian into highly non-thermal core-halo structures
where no support from the environment is required. This
particular physical property is only available if κ assumes
the same value for both, core and halo fraction and is man-
ifest simultaneously in a core-width reduction and distinct
tail formation as κ decreases. For κ=∞ and G(κ)=1/2 the
power laws in the brackets of the right hand side of Eq. (6)
turn each into the same Maxwellian exponential.
The probability distribution functions of the Tsallis en-
semble are linked to the analysis of fully developed tur-
bulence (Arimitsu and Arimitsu, 2000a, 2001), where the
nonextensive parameter q is in particular related to nonlocal-
ity in the system and measures the scale dependence of the
PDFs of the dynamical physical variables considered. In this
conjunction it was also shown that the value of the index q of
nonextensive statistics is related to the extremes of the corre-
sponding multifractal spectrum (Lyra and Tsallis, 1998).
We analyze in the following intermittency in astrophysical
plasma turbulence by comparing observed PDFs of fluctua-
tions of the velocity field magnitude in the solar wind with
the global theoretical core-halo representation (6) account-
ing for nonlocality and long-range forces through entropy
generalization. Furthermore, on small scales also the PDFs
of interplanetary density and magnetic field fluctuations are
observed to obey the same leptokurtic core non-Gaussianity
along with pronounced tails or halos, requiring a general-
ization of Eq. (6). The Castaing approach, which models
an energy cascade process via a convolution of Gaussians
of different variances, is widely introduced to study inter-
mittency in astrophysical plasma environments with regard
to different characteristic physical variables. However, al-
though most popular, the Castaing context provides no justi-
fication for nonlocality and long-range interactions in turbu-
lence, though in its general form it is not restricted to the de-
scription of cascades. This fact requires to establish a unique,
global PDF for any physical variable, provided in the context
of nonextensive thermo-statistics, where nonlocality is intro-
duced by pseudo-additive entropy generalization. Upon nor-
malizing the one-dimensional bi-kappa particle distribution
(6) to unity and assigning a unique distribution variance σ to
the thermal spread vt the “Maxwellian form” of the bi-kappa
distribution (6) transforms to a “Gaussian form” of a global
bi-kappa PDF as
Pch(δX; κ) = 12√piσ
{[
1+ δX
2
κσ 2
]−κ
+
[
1− δX
2
κσ 2
]κ}
. (8)
Subject to a single constant variance σ this one-parameter
PDF is applicable to the differences of the fluctuations
δX(τ)=X(t+τ)−X(t) of any physical variable X in the as-
trophysical system considered. Here κ assumes a clear phys-
ical interpretation defining the degree of nonextensivity or
nonlocality in the system, thus being a measure of long-range
interactions. As κ→∞ the bi-kappa distribution Pch(δX; κ)
approaches a single Gaussian. We proof in the following the
relevance of the nonextensive, global bi-kappa PDF (8) on
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the observed scale dependence of the PDFs of the differences
of magnetic field and velocity magnitude variables in the in-
termittent, turbulent interplanetary medium.
3 Data evaluation
For a proper estimation of empirical PDFs of interplanetary
plasma and magnetic field data long sets are needed. Due to
non-stationarity in driving-dissipation conditions, however,
the data sets have to be chosen carefully. For the present ap-
proach solar wind velocity data are analyzed with a time res-
olution of 92sec available from the WIND spacecraft. WIND
has a complicated trajectory that also crosses the magneto-
sphere from time to time. Our analysis is based on the entire
year 1997 data set when WIND was in the GSE positions
150–230 RE. This WIND period is compared by a shorter
time period of 10–29 January 1998 when magnetic field mea-
surements with time resolution of 16 s were available from
the ACE spacecraft. The ACE satellite is continuously mon-
itoring the solar wind at the L1 point. Data gaps were inter-
polated in all cases and the resulting PDFs are fitted by the
theoretical nonextensive distributions. In particular, from the
1997 WIND velocity field data 5 day periods of low speed
subintervals were selected such that during each subinterval
the bulk velocity was less than 450 km/s.
No velocity observations were available from ACE during
the interval of 10–29 January 1998. However, at this time
WIND was upstream, close to the ACE position. WIND
measurements provide clear evidence that between 10–29
January 1998 the bulk speed was less than 450 km/s in about
92% of this period. This interval was aslo subdivided to
shorter subintervals to be able to compute the standard de-
viations.
For each data set the plasma and magnetic field increments
were calculated at a given time lag τ , equivalent to a partic-
ular spatial scale by δX(τ)=X(t+τ)−X(t), where any vari-
able within each subinterval is normalized to the standard
deviation. For each realization the empirical probability dis-
tribution function (histogram) was then computed. δX(τ) is
binned into N equal spaced boxes and the number of ele-
ments in each box was computed where the robustness of the
histograms against N is tested. δX(τ) represents character-
istic fluctuations at the time scale τ or, equivalently, across
eddies of size l∼vτ . In case of single spacecraft measure-
ments a similarity in statistical properties of temporal or spa-
tial fluctuations is supposed. This is true in particular for the
solar wind (Marsch and Tu, 1997), where the spatial fluctu-
ations on a scale l pass over the spacecraft faster than they
typically fluctuate in time. Hence, by changing τ it is possi-
ble to analyze the statistical features of fluctuations in differ-
ent time scales, which roughly correspond to those statistical
characteristics across turbulent eddies of size l∼vτ .
At large scales, e.g. τ=24 h and l∼5000RE (supposing
v=350 km/s) the PDF’s are close to the Gaussian distribu-
tion, because the correlation between the separated points
vanishes, whereas at small scales, e.g. τ=0.2 h and l∼40 RE
the PDF’s have clearly non-Gaussian shapes, see Sect. 4, val-
ues estimated also by Sorriso-Valvo et al. (1999).
4 Discussion and summary
The Wind and ACE solar wind data analysis unambiguously
manifests that the PDFs of large scale velocity and mag-
netic field fluctuations are well represented by a Gaussian,
turning into leptokurtic peaked distributions of strong non-
Gaussianity in the center along with a pronounced tail struc-
ture at smaller scales. In particular, the PDFs of large-scale
magnetic field fluctuations, not related to the increment field
are known to be subject to relatively small deviations from
the Gaussian statistics and are well fitted by the Castaing
distribution, a convolution of Gaussians with variances dis-
tributed according to a log-normal distribution (Castaing et
al., 1990; Padhye et al., 2001). Assuming a constant energy
transfer rate between spatial scales all quantities exhibit a
Gaussian distribution of fluctuations in this context. Indepen-
dent of the physical situation considered, the Castaing dis-
tribution provides a multi-parameter description of observed
PDFs, plausible in this case, since the large-scale fluctua-
tions of the interplanetary magnetic field are generated by
a variety of discrete coronal sources. If individual coronal
sources evoke Gaussian distributed magnetic fields, the net
magnetic fluctuations can be modeled by their superposition
with a spread of the corresponding variances.
Contrary, small-scale fluctuations are associated with local
intermittent flows where fluctuations are concentrated in lim-
ited space volumes. Consequently, the PDFs are scale depen-
dent and intermittency generates long-tailed distributions. It
is customary to use n-th order absolute powers of the plasma
variables and magnetic field increments (n-th order structure
functions (Pagel and Balogh, 2001; Marsch and Tu, 1997) al-
lowing to investigate the multi-scale scaling features of fluc-
tuations subject to long-tailed PDFs. Direct studies of ob-
served PDFs of the increment fields δX(τ)=X(t+τ)−X(t)
for any characteristic solar wind variable at time t and time
lag τ revealed departures from a Gaussian distribution over
multiple scales (Sorriso-Valvo et al., 1999) and an increase of
intermittency towards small scales (Marsch and Tu, 1994).
The PDFs are also found to be leptokurtic, which indi-
cates the turbulent character of the underlying fluctuations.
Sorriso-Valvo et al. (1999) have shown that the non-Gaussian
behavior of small-scale velocity and magnetic field fluctua-
tions in the solar wind can also be described well by a Cas-
taing distribution where the individual sources of Gaussian
fluctuations appear at small-scales in turbulent cascades.
Here we demonstrate by means of Eqs. (6) or (8),
respectively, from first principle statistics that the strong
non-Gaussianity of the PDF of small scale fluctuations
should be associated physically with long-range interac-
tions provided in nonextensive systems by pseudo-additive
entropy generalization. The scale dependence of the
PDF in the solar wind is accurately represented via the
only tuning parameter κ of the bi-kappa distribution,
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Fig. 2. The PDF of the increments of observed ACE magnetic field fluctuations for τ=100 and a resolution of 16s as compared to the
bi-kappa function with κ=1.8. Based on the same data the central panel provides the characteristics for increased τ=2000 where κ assumes
a value of 3.0 for the best representation. The PDF of large-scale magnetic field fluctuations, τ=10000, are well modeled by a Gaussian with
κ=∞, right panel. The dotted lines correspond to the standard deviations.
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Fig. 3. The PDF of the increments of observed WIND velocity field magnitude fluctuations for τ=10 and a resolution of 92 s as compared to
the bi-kappa function with κ=2. Based on the same data the central panel provides the characteristics for increased τ=70 where κ assumes a
value of 3.5 for the best representation. The PDF of large-scale velocity fluctuations are well modeled by a Gaussian with κ=∞, right panel.
The dotted lines correspond to the standard deviations.
measuring the degree of nonextensivity or coupling within
the astrophysical plasma environment. As an example,
in Fig. 2 undisturbed solar wind ACE magnetic field
amplitude data of 16 s time resolution are analyzed where
the dimensionless τ is multiplied by the resolution to
generate an effective time-lag. In particular, the scale
dependent PDF evolution of magnetic field fluctuations is
subject to a two point separation scale of τ=100, 2000,
and 10 000. The corresponding best fits of the bi-kappa
distribution are obtained for κ=1.8, 3, and ∞, measuring
the degree of nonextensivity, or coupling, respectively,
through long-range interactions and the dotted lines refer to
the standard deviation. The highly significant accuracy of
the bi-kappa distribution fit demonstrates that non-locality
in turbulence, when introduced theoretically by long-range
interactions through the nonextensive context, generates
a precise representation for the observed PDFs charac-
terizing the intermittency of the fluctuations at all scales.
Based on WIND velocity field magnitude data Fig. 3
presents an analysis of the scale dependence of interplanetary
PDFs of the velocity field magnitude showing in three plots
from left to right the decreasing intermittency with increasing
spatial separation scale or time-lags, where the observational
uncertainty is again indicated by the standard deviation (dot-
ted lines). Constraint by a time resolution of 92 s the two
point time separation is τ=92 s where τ assumes the values
10, 70 and 900 from left to right. The solid lines represent
best fits to the observed PDFs with nonextensive distribu-
tions, where the corresponding κ is determined as κ=2, 3.5
and ∞. The strong non-Gaussian character of the eptokur-
tic PDFs (left panel), exhibiting pronounced tails associ-
ated with solar wind turbulence and intermittency in small-
scale fluctuations, finds again an accurate analytical fit and
hence a physical background in the nonextensive represen-
tation, accounting for nonlocality in turbulence via the long-
range forces. The non-Gaussian structure is somewhat soft-
ened for enhanced τ=70 (central panel) but again precisely
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modeled within the pseudo-additive entropy context, turning
into the Gaussian shape of large scale fluctuations, which is
independent of the increment field.
From the corresponding nonextensive WIND data anal-
ysis of the density and magnetic field fluctuations (Leub-
ner and Vo¨ro¨s, 2004c) it is evident that the scale dependent
characteristics of the observed PDFs of the increment fields
δX(τ)=X(t+τ)−X(t) for solar wind variables evolve si-
multaneously on small scales, approaching independency of
the increment field in the large- scale Gaussian. Highly accu-
rately, the overall scale dependence appears as a general char-
acteristic of quiet astrophysical plasma environments indicat-
ing a universal scaling dependency between density, velocity
and magnetic field intermittency within the experimental un-
certainties. This strong correlation implies that the scale de-
pendencies of all physical variables are coupled, where the
solar wind Alfve´nic fluctuations provide a physical basis of
the velocity and magnetic field correlations. On the other
hand, according to recent analyses, the magnetic field inten-
sity exhibits a higher degree of intermittency than the solar
wind bulk velocity, both in fast and slow winds (Sorriso-
Valvo et al., 2001). However, Veltri and Mangeney (1999)
found that the most intermittent structures in the slow wind
are shock waves, displaying similar intermittency in the mag-
netic field intensity and bulk velocity. Furthermore, the pro-
portionality between density fluctuations and the magnetic
field and velocity fluctuations is already maintained in the
solar wind by the presence of weak spatial gradients (Span-
gler, 2003).
Finally, Fig. 4 provides an estimation of the functional de-
pendence between the time lag τ or spatial separation scale
and the nonextensive parameter κ for best fitting bi-kappa
functions to the observed PDFs. As τ increases from small
scales to the intermediate regime a pronounced plateau for-
mation is established, i.e. the relative increase in κ-values
with enhanced scales appears reduced. Such a behavior may
indicate the presence of a transitional dynamical element
characterizing a balance between long and short-range inter-
actions. However, finite size effects can also influence the
estimated functional evolution of the nonextensive parameter
on the scale dependence, a subject to be analyzed in detail.
κ−distributions reproduce the Maxwell-Boltzmann distri-
bution for κ→∞, a situation identifying κ as an ordering pa-
rameter that acounts for correlations within the system. Qua-
sistationary, highly correlated turbulent conditions charac-
terized by kappa distributions represent stationary states far
from equilibrium where a generalization of the Boltzmann-
Shannon entropy, as measure of the level of organization
or intermittency, applies (Goldstein and Lebowitz, 2004;
Treumann, 2004). Physically this can be understood con-
sidering a system at a certain nonlinear stage where turbu-
lence may reach a state of high energy level that is bal-
anced by turbulent dissipation. In this environment equilib-
rium statistics can be extended to dissipative systems, ap-
proaching a stationary state beyond thermal equilibrium (Go-
toh and Kraichnan, 2002). Since turbulence is driven in the
solar wind by velocity shears we have choosen for the data
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Fig. 4. The functional dependence of the spatial scale τ(κ).
analysis intervals of low speed solar wind with limits in ve-
locity space, where the driving and dissipation conditions do
not change significantly, maintaining therefore the dynami-
cal equilibrium condition.
An analysis of fully developed turbulence in terms of Tsal-
lis statistics, comparing scaling exponents of velocity struc-
ture functions of different models including the log-normal
type, strongly indicates that the underlying statistics is that
of the Tsallis ensemble and hence of a κ−distribution repre-
sentation (Arimitsu and Arimitsu, 2000a,b). Moreover, the
nonextensive character of turbulent dynamics is further sup-
ported relating the excess turbulent entropy to the pseudo-
additive property (Anselmet et al., 1984). Arimitsu and
Arimitsu (2001) calculated the extreme of the Tsallis entropy
associated with multifractal dissipation structures of cascad-
ing turbulent energy and derived the corresponding veloc-
ity structure functions analytically. They compared the scal-
ing exponents of the m-th order velocity structure functions
from the generalized statistics model with the experimental
results of Anselmet et al. (1984) and Meneveau and Sreeni-
vasan (1991) and found that the scaling exponents are consis-
tent with experimental data. Other models such as the Kol-
mogorov, the beta and the log-normal models showed large
deviations from experimental data for m>10.
A multi-scale cascade mechanism is not the only way for a
realization of long range interactions. Let us provide a phys-
ical situation where large and small scales are directly cou-
pled and the nonlocal energy transfer is not induced by cas-
cading processes, following e.g. a log-normal model (Frisch,
1996).
As an example consider the nonlinear terms in Navier-
Stokes equations containing the vector product of vorticity
(ω) and velocity (V) fields. In turbulent flows the correlations
between vorticity and velocity fields are close to zero. Never-
theless, bi-directional coupling between the large scales (ve-
locity field) and small scales (vorticity field) is unavoidable
178 M. P. Leubner and Z. Vo¨ro¨s: A nonextensive entropy path to probability distributions
without cascades. In this picture any changes in the vorticity
small-scale field are reacting back to the large-scale velocity
field through ω=curlV (Tsinober, 1990) where vorticity is
not restricted to small scales only. The large-scale velocity
field is entirely determined by the specific boundary condi-
tions and vorticity through ∇2V=−curl ω, which includes
the velocity field itself, indicating that the direct interaction
is bi-directional (Tsinober, 2001).
A further example is found in the context of MHD where
Chang (1999) proposed an intermittent turbulence model
for the solar wind and for the Earth’s magnetotail, which
comprises neither cascades nor requires local interactions in
Fourier space. In this scenario non-propagating or convected
fluctuations generate multiscale coherent structures (e.g. flux
tubes), which can interact, deform and produce new sites
of non-propagating fluctuations. Coherent structures of the
same polarity merge into a structure with lower local ener-
getic state, while structures of opposite polarities may repel
each other. This coherent structures can be considered as dis-
crete interacting “particles” in MHD flows, responsible for
the particular entropy within the system and validating the
analogy to the kinetic level of PDFs. Chang et al. (2004) have
computed PDFs of the intermittent fluctuations from direct
numerical simulations of interacting coherent structures. The
resulting PDFs have typical leptokurtic shapes, which can be
well fitted again by a variety of models, including those with
predominantly local interactions in Fourier space. Since all
models provide similar fitting accuaracy it is required to fo-
cus on the underlying physical situation in turbulent flows.
Hence, with regard to nonlocal interactions not based on cas-
cade processes the nonextensive entropy approach provides
physically a justification for nonlocal interactions and should
therefore be favored over cascade models in such processes.
On observational grounds in the solar wind non-
propagating fluctuations perpendicular to the mean magnetic
field are energetically dominant. The energy partitioning be-
tween nonpropagating fluctuations and waves is about 80%–
20% (e.g. (Bieber et al., 1996)). Non-propagating perpendic-
ular fluctuations can be generated also by opposite traveling
wave packets, producing perpendicular cascades in Fourier
space (Shebalin et al., 1983). Therefore MHD turbulence in
the solar wind is generally in a state in which propagating
waves and non-propagating fluctuations coexist. Moreover,
typical processes include fluctuation induced multiscale in-
teractions of coherent structures for which a local interac-
tion in Fourier space is not required and interactions of op-
posite traveling waves are followed by energy cascades in
Fourier space. Physically, at least a part of the nonlocal
forces and turbulent intermittency results from a source ex-
hibiting nonlocal interactions in the Fourier space. Since the
coherent structures or flux tubes merge and interact (Chang
et al., 2004) they may correlate over long distances, leading
to topological complexity of the underlying structures (Con-
solini, 2002).
The entropy quantifies the degree of structuring in inter-
mittent turbulence expressed through singular multifractal
measures, where also the parameter κ (or q) is related to
the extremes of multifractal distributions (Lyra and Tsallis,
1998; Arimitsu and Arimitsu, 2000a,b; Beck, 2000). Since
the nonextensive entropy approach is independent of the
mechanism leading to the structures – in both situations, cas-
cading processes and multiscale interacting coherent struc-
tures - or even in coexisting situations, the entropy concept
can be applied for the analysis and quantification of result-
ing characteristics in turbulence. In summary, the majority
of hitherto existing models of intermittency in the solar wind
essentially correspond to the cascade picture of turbulence.
Small-scale intermittency, however, can be associated also
by emerging topological complexity of coherent sturctures
in turbulence, which might be understood better through en-
tropy concepts, disregarding the goodness criteria of differ-
ent fits.
We provided specific examples based on multiscale in-
teracting coherent structures where the traditional cascade –
and thus e.g. the log-normal approach beside others – should
not be applied for physical reasons (not in terms of PDF fit-
ting accuracy). Therefore the proposed context based on en-
tropy ganeralization has a potential to describe the underly-
ing physics suitably and thus justifies the nonextensive ap-
proach. Certainly this must be viewed as an incomplete con-
cept in view of the complexity of intermittence in turbulence
(Cohen, 2004).
The PDFs of fluctuations in the intermittent interplanetary
medium are equaly well represented by different fits pro-
vided for instance by the Castaing, multifractal, log-normal
or shell model. However, turbulence is a multiscale process
subject to long-range forces where the different models are
degenerate in the sense that they are equally well character-
izing intermittency. The above models introduce nonlocal
interactions between separated scales through an energy
cascade via a fragmentation process, resulting in long-range
correlations. Therefore, the log-normal or the shell-model
contain a priori assumptions about the nature of long-range
forces. Using these models in statistical experimental studies
to obtain the spatial dependence and characteristics of nonlo-
cal forces, the outcome mimics long-range correlations in a
cascade process because of the a priori assumptions built in.
A multi-scale cascade mechanism is not the only way for a
realisation of long-range interactions. Strong dissipation can
occur within the inertial range due to a concurrent physical
process, or direct interaction between large and small scales
is possible without any inertial range cascade. Consequently,
we argue that the nonextensive context provides the most
generic approach since long-range interactions and memory
are introduced on the fundamental level of entropy general-
ization. There is no built in condition about the nature of the
long-range forces or spatial dependence of the corresponding
parameter κ . Since the nonextensive context is not restricted
to any particular model it covers cascade processes as well.
Thus, the nonextensive approach opens the possibility for
experimental studies of specific mechanisms responsible for
long-range interactions in turbulence without need to refer
to a priori model assumptions.
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Summarizing, a bi-kappa distribution family turns out the-
oretically as consequence of the entropy generalization in
nonextensive thermo-statistics and was successfully applied
in velocity space to interplanetary core-halo electron distri-
butions as well as double-humped proton structures. Upon
transforming to the mathematical “Gaussian form” the par-
ticular global, one-parameter bi-kappa PDF of constant vari-
ance provides also access to the pronounced core-halo distri-
butions observed in astrophysical plasma turbulence. A re-
distribution of a Gaussian on large scales can be performed in
the interplanetary plasma, turning into highly non-Gaussian
leptokurtic and long-tailed structures that are manifest on
small scales. Pseudo-additive entropy generalization pro-
vides the required physical interpretation of the only tuning
parameter κ in terms of the degree of nonextensivity of the
system as a measure of nonlocality or coupling due to long-
range interactions. The scale dependence of the PDFs of the
differences of characteristic physical variables in the inter-
mittent turbulent interplanetary medium as velocity and mag-
netic field magnitude is accurately represented by the nonex-
tensive bi-kappa functional. It is argued that the leptokurtic,
long-tailed non-Gaussian core-halo PDFs characterizing the
intermittency of the turbulent fluctuations must be related to
the nonextensive character of the interplanetary medium ac-
counting for long-range interaction via the entropy general-
ization.
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